Uniqueness and non-uniqueness of static black holes in higher dimensions 
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We prove a uniqueness theorem for asymptotically flat static charged dilaton black hole solutions in 
higher dimensional space-times. We also construct infinitely many non-asymptotically flat regular 
static black holes on the same space-time manifold with the same spherical topology. An application 
to the uniqueness of a certain class of flat p-branes is also given. 
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With the development of string theory, black holes in 
higher dimensional space-times have come to play a fun- 
damental role in physics ¥E . Furthermore, the possibility 
of black hole production in high energy experiments has 
recently been suggested in the context of the so-called 
TeV gravity [g]. A TeV-size black hole in TeV gravity is 
small enough to be well approximated by an asymptoti- 
cally flat black hole in higher dimensions. To predict phe- 
nomenological results, we need reliable knowledge about 
higher dimensional black holes. However, some essential 
features of black hole theory have not so far been fully 
explored in many recent discussions. Among these, the 
equilibrium problem for black holes is one of most impor- 
tant issues. The final equilibrium state of the black hole 
is known to drastically simplify in the case of four space- 
time dimensions because of the uniqueness properties of 
static or stationary black hole solutions. The unique- 
ness theorem for the vacuum black hole has been well es- 
tablished in four-dimensional space-times ||-|| (See also 
Ref . H for comprehensive review) . Although this no hair 
property is fundamental to the nature of black holes, it is 
at the same time a quite non-trivial result derived from 
the Einstein equations. Remarkably, five-dimensional 
stationary vacuum black holes are not unique; there is a 
Myers-Perry solution pj , which is a generalization of the 
Kerr solution to arbitrary dimensions, while Emparan 
and Reall have recently found five-dimensional rotat- 
ing black ring solutions with the same angular momenta 
and mass but now the event horizon homeomorphic to 
S 2 x S 1 . In the static case, such a counter-example has 
not yet been presented. The only known asymptotically 
flat static vacuum black hole is the n-dimensional hy- 
perspherically symmetric Schwarzschild-Tangherlini so- 
lution In this paper we shall show that there are no 
others. However it is interesting to note that, as we shall 
expand upon below, if one drops the condition of asymp- 
totic flatness but still insists that the space-time has the 
same topology as that of the Schwarschild-Tanghelerlini 
solution, then the uniqueness property fails badly. There 
exist discrete infinities of solutions. 

In this paper we shall show that static charged dila- 
tonic non-extreme black holes with a certain dilaton cou- 
pling constant are also unique. (See also jl5| for an earlier 
paper on the vacuum case in the context of Riemannian 
geometry). 



Our work was motivated by models in string theory 
where gauge fields often play an essential role. Another 
important motivation is to embark on the programme of 
proving the uniqueness of static black p-brane solutions. 
These are (n+p)-dimensional spacetimes invariant under 
the action of a p-dimensional Abelian translation group. 
Reduction to n spacetime dimensions produces a black 
hole solution of gravity coupled to one or more scalars 
and an electric 2-form or dual magnetic (n — 2)-form field 
strength. We shall return to this aspect of our work in a 
later publication. 

The main tools we use are method developed by 
Masood-ul-Alam jl6| to deal with charged dilaton black 
holes in 3+1 spacetime dimensions and a new method 
of our own (introduced independently by |l5||) based on 
the use of totally umbillic hypersurfaces. The latter is 
an essential ingredient becaues existing 3+1 methods 
do apply. It is also essential to assume strict asymp- 
totic flatness because using some Einstein metrics on 
S n ~ 2 , n — 7, . . . , 11 due to Bohm we can construct in- 
finitely many non-asymptotically flat solutions on man- 
ifolds wuth the same topology. In addition, just as in 
3+1 dimensions, we also have to assume that the sur- 
face gravity is non-zero (non-extreme) , otherwise one has 
multi-black holes solutions. 

The first half of our work parallels that of Bunting and 
Masood-ul-Alam [Q , so that we shall only briefly describe 
it here. 

We start with the Lagrangian in n-dimensional space- 
time 



L = n R-2(d4>) 2 -e 



(1) 



where F is the Maxwell field and the dilaton coupling 
constant is set to a — [8(n — 3)/(n — 2)] 1 / 2 f] In general, 
the metric of an n-dimensional static space-time has the 
form 



ds 2 = -V 2 dt 2 



9ij 



dx l dx° , 



(2) 



*Note that our proof presented here is only true tor 
choice for a. If not, for example, Eqs (0), (jl|) and © 
not correct and then proof is not correct. 
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where V and are independent of t and they are re- 
garded as quantities on the t = const, hypersurface £. 
The event horizon if is a Killing horizon located at the 
level set V = 0, which is assumed to be non-degenerate. 
In fact non-degeneracy follows from Smarr's formula re- 
lating the mass, surface gravity and area of the horizon. 
Then the static field equations become 



VT = 



V 2 d> = 



16V 



8V 2 



-(V^) 2 



W • V</> 



V 



V 2 ip = Vip- aV(f> 



and 



V 



2V 2 



W 



- 2S7 i4>V j<j> 

(W) 2 



(3) 
(4) 
(5) 



(6) 



where V and Rij denote covariant derivative and the 
Ricci tensor defined on (S, <?«), respectively, and ip is 
the electrostatic potential such that F = dip A dt. 

In asymptotically flat space-times, one can find an ap- 
propriate coordinate system in which the metric, dilaton 
and electrostatic potential have asymptotic expansions of 
the form 



V = 1 — 



r 



fJU 



= 1 



n — 3 

2 



+ 0(l/r n ~ 2 ), 



= f 



n — 3 r n 3 
Q 2 



%+0(l/r"- 2 ), 
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n — 3 



0(1/7 



0(l/r n 



(7) 

(8) 

(9) 
(10) 



respectively, where /i, Q = const, represent the ADM 
mass and the electric charge (up to constant factors), 
respectively, and r := y/^^x 1 ) 2 . We assume the non- 
extremal condition fi > \Q\. 

Consider the following two conformal transformations 



where 



9% = (e-^AfA*)^)^, 
1 ± ^ e QI ^ 2 



± ._ 



A*:= 



1 ± Ve a ^ 2 



+ 2-^ 2 aiP, 
- 2- 5 ' 2 aip. 



Then we have two manifolds (E^g^) 
asymptotic behavior of the metric becomes 

g± = 8 ij + 0(l/r n - 2 ). 



(11) 

(12) 

(13) 
(14) 

On £+, the 
(15) 



On S , we have 



~Ax l dx > 



2/i 
0(g 5 ) 



2\ 4/(n-3) 



(dg 2 + g 2 dtl 2 n _ 2 



(16) 

where dfl 2 l _ 2 denotes the round sphere metric and g :— 
1/r has been defined. Pasting (E^g^) across the level 
set V — and adding a point {p} at q = 0, we can 
construct a complete regular surface £ = E + U E^ U {p}. 
The Ricci scalar (sometimes called the scalar curvature) 
R on Yi^ becomes 



R — — x 

cr 



An ae 



-a<p/2 



2 3 / 2 V 



-Vip 



16 V 2 r± 



T± 



(17) 



where r± := e^fA^A^)" 1 / 2 has been defined. Note 
that the last term in ( |l7| ) has no definite sign. Neverthe- 
less we can still generalize the standard positive energy 
theorem due to Witten to cover this new situation. 

Following jl6| we consider the Witten spinor W (an 
asymptotically constant spinor satisfying ^D^i — 0) on 
(E^fjg). Then we have a divergence identity 



V • 



or a± 



(n-2)(n-4) 



2(n-3) 2 



Vln^ 



1*1 



- In — | * 



(18) 



where a± := (l±Ve "<<V 2 ) 1 has been defined. We have 
used 



V 2 |*| 2 = ||*| 2 + 2|D*| 2 , 

V 2 (T± VlT± / V<7± Vt± 



(19) 
(20) 



Integrating Eq. (|18|) over £, positive mass theorem can 
be proven. In other words, the l.h.s. represents the total 
gravitational mass on £ and it is positive definite from 
the expression in the r.h.s.. However, Eq. Jl5| ) implies 
that the total gravitational mass is zero on E. This means 
that the each terms in the r.h.s of Eq. (jl§|) vanish: 



V 4 In- 



xi 



±- 



ae 



2 3 / 2 V 



Viln— -0, 
A* = 0. 



(21) 

(22) 
(23) 
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Equations (^l|), ( |2^ ) imply that the level sets of V, 6 
and ip conincide. Furthermore, the spinor equation (22) 
implies that E is the flat space: g L j — <5y Then, Eq. (17) 
implies that t± is a harmonic function on the flat space: 
VqT± = 0, where Vo denotes the flat connection. 

We shall now demonstrate that the conformally trans- 
formed event horizon H is a geometric sphere in E. We 
choose V as a local coordinate in a neighbour hood 
U C E. Let {x A } be coordinates on level sets of V 
such that their trajectries are orthogonal to each level 
set. Then, the metric on E can be written in the form 



p 2 dV 2 



h,ABdx A dx B , 



(24) 



where p 2 := (W) 2 . Since E is conformally flat, the Rie- 
mann invariant has a simple expression in this coordinate 
system: 

n RuKL n R IJKL = n^uir' 11 • 



4(n - 2) 



(n - 3)F 2 p 2 
+ 2V AP V A p] , 



[k AB k AB + k 2 



(25) 



where T> a denotes the covariant derivative on each level 
set of V, and k A B is the second fundamental form of the 
level set. 

The requirement that the event horizon H is a regular 
surface leads to the condition 



kAB\n = 0, 
V A p\n = 0. 



(26) 
(27) 



In particular, H is a totally geodesic surface in E. 

Let us consider how the event horizon is embedded into 
the base space (£, Sij). In terms of the smooth function 
r := t±, we can adopt the following local expression for 
the flat space 



8ijdx l dx° 



p dr + fiABdx dx 



(28) 



The event horizon is located at some r = tjj = const, 
surface H. Then, the extrinsic curvature k A B of the level 
set r = const, can be expressed as 



k A 



B 



e a<t>/(n-3) T -4/(n-3) k 



AB 



2 ( e -a0/4 T )2(«-l)/(«-3) _ 



n — 3 p 
Thus we obtain 

2 ( e -Q*/4 T j2(n-l)/(n-3) 



k A 



B 



n — 3 



P 



lAB- 



h-Al 



(29) 



(30) 



H 



on H . In other words, the embedding of H into the Eu- 
clidean (n — l)-space is totally umbilical. It is known that 
such a embedding must be hyperspherical ||, namely 
each connected component of H is a geometric sphere 
with a certain radius. The embedding of a hypersphere 



into the Euclidean space is known to be rigid M] , which 
means that we can always locate one connected compo- 
nent of H at the r = ro surface of E without loss of gener- 
ality. If there is only a single horizon, we have a boundary 
value problem for the Laplace equation VgT = on the 
base space ft := E n ~ 1 \B n ~ 1 with the Dirichlct boundary 
conditions. Such a solution must be spherically symmet- 
ric, so that it is given by the solutions found in ]l7| . 

One may remove the assumption of the single horizon 
as follows. Consider the evolution of the level surface in 
Euclidean space. From the Gauss equation in Euclidean 
space one obtains the evolution equation for the shear 
oab ■= k-AB - kh A B/ (n-2): 



n - - C " 

th&AB — OA OCB 



1 



n- 2 



hAB&CD& 



CD 



--JVaVb ^—h AB V 2 )p, (31) 

where h denotes the unit normal to the level set of r. 
Using V^r = 0, we obtain 



£nT>A^p = kT> 'jilnp + T>Ak, 
£&k = — I lair 



1 



k 2 --V 2 p, 
n — I p 

£nT>Ak = T>A£nk + {V A^p){£hk) . 
From the above equations, it can be seen that 
(TAB = 0, V A p = 0, t> A k = 0, 



(32) 
(33) 

(34) 
(35) 



that is, each level surface of v is totally umbilic and hence 
spherically symmetric, which implies that the metric is 
isometric to those found in |17j]. 

This is of course local result since we consider only the 
region containing no saddle points of the harmonic func- 
tion r. To obtain the global result, we need a further 
assumption such as analyticity. However, the assump- 
tion that there is no saddle point may be justified as 
follows. At a saddle point p = 0, the level surface of r is 
multi-sheeted, that is the embedding of the level surfaces 
is singular there. One can find at least one level surface 
such that k A B ^ near the saddle point. Then, Eq. ( pq ) 
implies that the saddle point is singular. If the hori- 
zon is not connected, this naked singularity must exist 
to compensate for the gravitational attraction between 
black holes. 

One motivation for the present work was to embark on 
a programme of proving the uniqueness of static p-brane 
solutions. In general these take the form 



ds 2 



(dy 2 p ) 



,2(5* 



g^dx^dx 1, ' . 



(36) 



Dimensional reduction on E p will take the Einstein- 
Hilbert action to the Einstein-Hilbert action if (n — 2)5 + 
P7 = 0. If the higher dimensional metric is coupled to 
an n — 2 form F„_2 with no scalars, we obtain the La- 
grangian p| 



3 



R-2{d<t>f 



2)! 



-a<p T-i2 



with 



and 



2(ra-2) 
p(n +p — 2) 



8p{n - 3) 2 
(n-2)(ra + p-2)' 



(37) 



(38) 



(39) 



We can now apply the results of this paper for (n,p) = 
(6,2) or (5,3). For magnetic branes we need to make a 
duality transformation. We plan to give more details in 
a future publication. 

We have shown that if space-time is assumed to asymp- 
totically flat then the only regular static ellectric dila- 
ton black holes are hyper-s phe rically symmetric and 
hence given the solutions in |17| . However other, non- 
asymptotically flat, solutions may be obtained by replac- 
ing the metric of the round (n — 2)-sphere by any other 
Einstein manifold whose Ricci-curvature has the same 
magnitude as that of a unit round (n — 2)-sphere. In par- 
ticular we can replace the round metric on S 5 , S 6 , . . . , S 9 
by the infinite sequences of Einstein metrics found re- 
cently by Bohm These have the form 



de 2 + a 2 (e)g p + b 2 (6)g q 



(40) 



where g m is the unit round metric on the m-sphere, 
p + q = n — 3 and neither p nor q is one. In general 
these metrics are inhomogeneous with isometry groups 
SO(p+l) x SO(q+l). The round metric on S n ~ 2 is given 
by a = sin# and b = cos#. In addition, Bohm demon- 
strates the existence of infinite sequences of smooth Ein- 
stein metrics which converge to singular metrics of fi- 
nite volume. By a theorem of Bishop fl3|| , the volume 
of these metrics is always less than that of the round 
metric. In the vacuum case, it follows that for fixed tem- 
perature, the associated static black holes always have 
smaller Bekenstein-Hawking entropy than the spherical 
black hole. For this reason we believe that these metrics 
are all unstable. Preliminary results of GWG obtained 
with Sean Hartnoll show that the stability depends upon 
the spectrum of the Lichnerowicz operator for the Bohm 
metrics. This is not yet known. Presumably, if they are 
unstable, then they will decay to the spherical black-hole 
solution. An interesting question, which is beyond the 
scope of the methods of this paper because of the ab- 
sence of a suitable positive energy theorem, is whether 
the Bohm black holes are unique among metrics with the 
same asymptotics, i.e. those constructed from the same 
Bohm metric. 

One might question what physical relevance the Bohm 
metrics, not being asymptotically flat, might have. One 
possible application is that they may be used in D3- 
branes solutions and applied to the AdS/CFT correspon- 
dence. The volume may then be related to the central 



charge of a conformal field theory pfl . In this way we 
obtain a further connection between the entropy of hori- 
zons, geometry and the central charges of quantum field 
theories where now Bishop's theorem provides a universal 
bound for the central charge. 

Another possibility is that in modeling scattering and 
in connection with TeV black hole physics in the con- 
text of small extra dimensions, the appropriate boundary 
condition may be more general than the standard one of 
asymptotic flatness. 
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